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Summary	
  

•  The	
  Hartree-­‐Fock-­‐Roothaan	
  method	
  
•  Pople	
  and	
  Dunning	
  basis	
  sets	
  
•  Semiempirical	
  models	
  
•  Configura&on	
  interac&on	
  
•  Möller-­‐Plesset	
  perturba&on	
  theory	
  
•  Density	
  func,onal	
  theory	
  
•  Time-­‐dependent	
  DFT	
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THE	
  DENSITY	
  FUNCTIONAL	
  THEORY	
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For	
  a	
  molecule	
  with	
  N	
  electrons	
  and	
  P	
  nuclei:	
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Kine%c	
  energy	
  

2-­‐electron	
  Coulomb	
  interac%ons	
  

External	
  poten%al	
  =	
  sta%c	
  nuclear	
  field	
  

TIME-­‐INDEPENDENT	
  SCHRÖDINGER	
  EQUATION	
  

Ĥ = T̂+ V̂ee + V̂0

Ĥ! = E!

T	
  =	
  Kine&c	
  energy;	
  W	
  =	
  Coulomb	
  interac&on;	
  V0	
  =	
  External	
  poten&al	
  

H	
  is	
  fully	
  defined	
  by	
  the	
  number	
  of	
  electrons	
  N	
  and	
  the	
  external	
  poten<al	
  V0	
  	
  	
  

Electronic	
  hamiltonian	
  



Basic	
  idea	
  of	
  DFT	
  

THE	
  DENSITY	
  FUNCTIONAL	
  THEORY	
  

It	
  is	
  not	
  necessary	
  to	
  determine	
  the	
  N-­‐electron	
  wavefunc<on	
  Ψ(r1…rN)	
  
to	
  compute	
  the	
  ground-­‐state	
  energy	
  and	
  the	
  ground-­‐state	
  proper<es	
  	
  	
  



The	
  electron	
  density	
  

ρ(r⃗) = N(…(|Ψ(r⃗1, s1, r⃗2, s2, … , r⃗N , sN)|2ds1dr⃗2ds2 …dr⃗NdsN 	
  

Defini,on 	
  	
  
	
  
Electron	
  density	
  :	
  integral	
  over	
  the	
  spin	
  coordinates	
  (s1,	
  s2,	
  …	
  ,	
  sN)	
  of	
  all	
  electrons	
  
and	
  over	
  all	
  but	
  one	
  of	
  the	
  spa&al	
  variables	
  (r1,	
  r2,	
  …	
  ,	
  rN). 	
   	
  	
  

Proper,es	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  is	
  a	
  func&on	
  of	
  only	
  3	
  spa&al	
  variables	
  !!!	
  
	
  
	
  
	
  

	
   	
  	
  
	
   	
  	
  

Probability	
  “density”	
  of	
  finding	
  any	
  of	
  the	
  N	
  electron	
  in	
  a	
  volume	
  element	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
(with	
  arbitrary	
  spin	
  and	
  arbitrary	
  posi%ons	
  and	
  spins	
  of	
  the	
  other	
  N-­‐1	
  electrons) 	
   	
  	
  

dr⃗1 	
  

ρ(r⃗)	
  

lim
(r&⃗ →∞)

ρ(r⃗) = 0 	
  

THE	
  ELECTRON	
  DENSITY	
  

!(r)
space
" dr =N



Defini,on 	
  	
  
	
  
Pair	
  density	
  =	
  probability	
  of	
  finding	
  a	
  pair	
  of	
  two	
  electrons	
  with	
  spins	
  s1	
  et	
  s2	
  
simultaneously	
  in	
  two	
  volume	
  elements	
  dr1	
  and	
  dr2	
  (with	
  arbitrary	
  posi%ons	
  and	
  spin	
  of	
  the	
  
other	
  N-­‐2	
  electrons).	
  
	
  

	
   	
  	
  
	
   	
  	
  

Discussion	
  
	
  
	
  	
  	
  If	
  electrons	
  were	
  iden%cal	
  and	
  not	
  dis%nguishable	
  par%cles	
  with	
  no	
  interac%on	
  	
  	
  	
  	
  	
  	
  	
  
	
  
	
  
	
  

	
  	
  
	
  Problem:	
  electrons	
  are	
  fermions	
  (an&symmetric	
  wave-­‐func&on)	
  and	
  nega&vely	
  charged	
  
par&cles	
  that	
  interact	
  through	
  Coulomb	
  repulsion	
  	
  

	
   	
  	
  

This	
  quan&ty	
  contains	
  all	
  informa&on	
  about	
  electron	
  correla&on	
  !!! 	
  	
  

ρ2(r⃗1, s1, r⃗2, s2) = N(N − 1)-…-|Ψ(r⃗1, s1, r⃗2, s2, … , r⃗N , sN)|2dr⃗3ds3 …dr⃗NdsN 	
  

	
  

ρ2(r⃗1, s1, r⃗2, s2) =
+ − 1
+

ρ(r⃗1, s1)ρ(r⃗2, s2)	
  

THE	
  ELECTRON	
  PAIR	
  DENSITY	
  



Required	
  constraints 	
  	
  
	
  
Exchange	
  correla,on	
  or	
  “Fermi	
  correla,on”	
  =	
  the	
  probability	
  of	
  finding	
  two	
  electrons	
  with	
  
the	
  same	
  spin	
  at	
  the	
  same	
  point	
  in	
  space	
  should	
  be	
  zero	
  
	
  

	
   	
  	
  
	
   	
  	
  

Electron	
  correla,on	
  or	
  “Coulomb	
  correla,on”	
  =	
  electrosta&c	
  repulsion	
  which	
  prevents	
  the	
  
electrons	
  from	
  coming	
  too	
  close	
  to	
  each	
  other.	
  
	
  
This	
  is	
  a	
  consequence	
  of	
  the	
  charge	
  of	
  electrons	
  on	
  the	
  pair	
  density.	
  
	
  
Comment:	
  It	
  can	
  be	
  easily	
  be	
  shown	
  that	
  HF	
  does	
  include	
  the	
  “Fermi-­‐correla&on”	
  but	
  
completely	
  neglects	
  the	
  Coulomb	
  part.	
  

This	
  correla%on	
  is	
  not	
  connected	
  to	
  the	
  charge	
  of	
  the	
  electrons	
  but	
  to	
  the	
  Pauli	
  principle	
  

!! !!! !!! !!! !! ! !!

!!!" !!! !!! !!! !! ! !"# !! !! !! !! !!!!!!!!!!!! !

! !!!!! !!!!!!!! !!!! Uncorrelated	
  situa<on	
  

THE	
  ELECTRON	
  PAIR	
  DENSITY	
  



New	
  expression	
  for	
  the	
  pair	
  density 	
   	
  	
  

Probability	
  of	
  finding	
  any	
  electron	
  at	
  posi&on	
  r2	
  with	
  the	
  spin	
  s2	
  if	
  there	
  is	
  already	
  one	
  
electron	
  at	
  posi&on	
  r1	
  with	
  the	
  spin	
  s1:	
  	
  
	
  
	
  
	
  
	
  
This	
  is	
  a	
  condi&onal	
  probability	
  which	
  integrates	
  to	
  N-­‐1	
  electrons	
  and	
  prevents	
  from	
  the	
  
unphysical	
  self-­‐interac%on	
  problem:	
  
	
  

Correla<on	
  factor 	
  	
  

ρ2(r⃗1, s1, r⃗2, s2) = ρ(r⃗1, s1)ρ(r⃗2, s2){1 + f(r⃗1, r⃗2)}	
  
	
  

Ω(r⃗1, s1, r⃗2, s2) =
ρ2(r⃗1, s1, r⃗2, s2)

ρ(r⃗1, s1)
	
  

!Ω(r⃗1, s1, r⃗2, s2) dr⃗2ds2 = N − 1	
  

THE	
  ELECTRON	
  PAIR	
  DENSITY	
  



Fermi	
  and	
  Coulomb	
  correla&on	
  leads	
  to	
  a	
  deple&on	
  of	
  the	
  electron	
  density	
  at	
  (r2,	
  s2)	
  as	
  
compared	
  to	
  the	
  independent	
  par&cle	
  model.	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  called	
  the	
  exchange-­‐correla<on	
  hole	
  	
  
	
  
	
  
	
  
	
  
	
  
hXC	
  as	
  a	
  nega&ve	
  sign,	
  in	
  par&cular	
  in	
  the	
  vicinity	
  of	
  the	
  reference	
  electron.	
  
	
  
The	
  exchange-­‐correla&on	
  hole	
  contains	
  exactly	
  the	
  charge	
  of	
  one	
  electron:	
  
	
  
	
  
	
  
	
  
The	
  concept	
  of	
  exchange-­‐correla&on	
  hole	
  is	
  used	
  in	
  density	
  func&onal	
  theory	
  !!!	
  
	
  

ℎ"#(r⃗1, s1, r⃗2, s2) = Ω(r⃗1, s1, r⃗2, s2) − ρ(r⃗2, s2) = ρ(r⃗2, s2)f(r⃗1, r⃗2)	
  

!ℎ#$(r⃗1, s1, r⃗2, s2)dr⃗2ds2 = −1	
  

ℎ"#(r⃗1, s1, r⃗2, s2)	
  

THE	
  EXCHANGE-­‐CORRELATION	
  HOLE	
  



The	
  exchange-­‐correla&on	
  hole	
  

Using	
  the	
  exchange-­‐correla&on	
  hole	
  defini&on,	
  one	
  can	
  rewrite	
  the	
  expecta&on	
  value	
  Vee	
  
of	
  the	
  electron-­‐electron	
  repulsion	
  hamiltonian	
  term	
  :	
  
	
  
	
  
	
  
	
  
	
  
and	
  	
  
	
  
	
  

Coulomb	
  repulsion	
  
energy,	
  Jee(r) 	
  	
  

Correc&on	
  term	
  for	
  the	
  
exchange-­‐correla&on	
  effects	
  
and	
  the	
  self-­‐interac&on	
  
problem 	
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THE	
  EXCHANGE-­‐CORRELATION	
  HOLE	
  

In	
  calcula%ons,	
  the	
  beIer	
  we	
  can	
  approximate	
  the	
  exchange-­‐correla%on	
  hole,	
  the	
  more	
  
accurate	
  are	
  the	
  results	
  !!!	
  



HOHENBERG-­‐KOHN	
  THEOREM	
  1	
  

The	
  external	
  poten<al	
  Vne	
  is	
  determined,	
  within	
  a	
  trivial	
  addi<ve	
  constant,	
  
by	
  the	
  electron	
  density	
  ρ(r)	
  	
  

Consequence:	
  

The	
  hamiltonian	
  H,	
  and	
  thus	
  the	
  ground-­‐state	
  energy,	
  are	
  completely	
  defined	
  
by	
  the	
  electron	
  density	
  ρ(r).	
  Therefore,	
  the	
  total	
  electronic	
  energy	
  can	
  be	
  
expressed	
  as	
  a	
  func%onal	
  of	
  ρ(r):	
  

E ! r( )"# $%= T ! r( )"# $%+Vne ! r( )"# $%+Vee ! r( )"# $%

This	
  holds	
  true	
  for	
  every	
  quantum	
  mechanical	
  observable	
  	
  



HOHENBERG-­‐KOHN	
  THEOREM	
  2	
  

The	
  electron	
  density	
  ρ(r)	
  obeys	
  a	
  varia<onal	
  principle	
  	
  

Consequence:	
  

Among	
  different	
  densi%es	
  ρ(r),	
  those	
  that	
  provide	
  lower	
  energies	
  are	
  closer	
  to	
  
the	
  exact	
  one.	
  	
  

!E " r( )#
$

%
&

!" r( )
= 0Sta,onarity	
  condi,on:	
  

The	
  ground-­‐state	
  density	
  correspond	
  to	
  the	
  minimum	
  of	
  the	
  E[ρ(r)]	
  func<onal	
  

Note:	
  a	
  func%onal	
  is	
  a	
  composite	
  func%on	
  f(g(x))	
  :	
  the	
  output	
  of	
  g	
  is	
  the	
  argument	
  of	
  f	
  
Chain	
  rule	
  for	
  a	
  deriva%ve	
  of	
  a	
  func%onal	
  f:	
  

!f
!x x=x0

=
!f
!g

"
!g
!x

!g
!x

=
!g
!x x=x0

!f
!g

=
!f
!g g(x)=g(x0 )



THE	
  KOHN-­‐SHAM	
  EQUATIONS	
  

Star<ng	
  point:	
  	
  
We	
  consider	
  a	
  fic<<ous	
  system	
  of	
  non-­‐interac&ng	
  electrons	
  that	
  have	
  for	
  their	
  overall	
  
ground-­‐state	
  density	
  ρ(r)	
  the	
  same	
  density	
  as	
  some	
  real	
  system	
  of	
  interest	
  where	
  the	
  
electrons	
  do	
  interact	
  	
  

The	
  Kohn-­‐Sham	
  formalism	
  transforms	
  the	
  sta&onarity	
  equa&on	
  into	
  a	
  system	
  of	
  
eigenvalue	
  equa&ons	
  whose	
  solu&ons	
  are	
  the	
  Khon-­‐Sham	
  orbitals	
  	
  	
  	
  	
  	
  

!(r) = ni "i (r)
2

i=1

N

#

The	
  density	
  is	
  then	
  calculated	
  using	
  the	
  KS	
  orbitals	
  :	
  

Prac<cally,	
  ρ	
  is	
  determined	
  by	
  solving	
  the	
  Kohn-­‐Sham	
  equa<ons	
  



THE	
  KOHN-­‐SHAM	
  EQUATIONS	
  

E ![ ] = TS ![ ]+Vne ![ ]+ Jee ![ ]+EXC ![ ]

EXC ![ ] = T ![ ]"TS ![ ]( )+ Vee ![ ]" Jee ![ ]( )

TS ![ ] = "
1
2

#i$ (r)%
i=1

N

& #i (r)dr

Jee ![ ] =
1
2

!(r1)!(r2 )
r2 " r1

dr1 dr2#

fic<<ous	
  system	
  	
  
(non-­‐interac&ng	
  electrons)	
  	
  

real	
  system	
  
(interac&ng	
  electrons)	
  	
  

Kine&c	
  energy	
   T ![ ]

Electron-­‐electron	
  
interac&ons	
  

Vee ![ ]

KS	
  Energy	
  func<onal	
  for	
  the	
  real	
  system:	
  

Exchange-­‐Correla<on	
  (XC)	
  func<onal:	
  

EXC	
  corrects	
  the	
  error	
  made	
  in	
  using	
  the	
  non-­‐interac%ng	
  kine%c	
  energy	
  
and	
  in	
  trea%ng	
  the	
  electron-­‐electron	
  interac%ons	
  classically	
  

1
2

!(!r1)hXC(
!r1,
!r2 )

r12
"" d!r1d

!r2



THE	
  KOHN-­‐SHAM	
  EQUATIONS	
  
Applying	
  the	
  varia<onal	
  theorem	
  	
  

The	
  orbitals	
  that	
  minimize	
  the	
  energy	
  sa%sfy	
  the	
  Khon-­‐Sham	
  equa%ons,	
  
which	
  have	
  the	
  same	
  structure	
  as	
  the	
  HF	
  equa%ons	
  

!
1
2
"+

#( $r )
r ! $r

d $r% + &XC(r)+V0(r)
'
(
)

*)

+
,
)

-)
.i (r) = /i.i (r)

Local	
  exchange-­‐correla&on	
  poten&al	
  

!XC(r) =
"EXC #[ ]
"#

The	
  main	
  difficulty	
  of	
  DFT	
  is	
  to	
  find	
  an	
  appropriate	
  descrip&on	
  of	
  EXC	
  as	
  a	
  func&on	
  
of	
  ρ(r)	
  à	
  Many	
  XC	
  func<onals	
  

The	
  non-­‐interac&ng	
  electrons	
  move	
  in	
  an	
  effec&ve	
  KS	
  poten&al	
  depending	
  on	
  ρ(r)	
  	
  

!KS(r) =
"( #r )
r $ #r

d #r% + !XC(r)+V0(r)

!KS(r)



CLASSES	
  OF	
  XC	
  FUNCTIONALS	
  

Local	
  Density	
  Approxima<on	
  (LDA)	
  

εXC	
  :	
  Exchange-­‐correla&on	
  per	
  electron	
  of	
  the	
  homogeneous	
  
electron-­‐gas	
  (HEG)	
  characterized	
  by	
  a	
  density	
  ρ(r)	
  	
  

Exc ! r( )"# $%= ! r( )&xc ! r( )"# $%dr'

Assumes	
  that	
  the	
  density	
  ρ(r)	
  is	
  uniform	
  	
  

The	
  accuracy	
  of	
  the	
  LDA	
  is	
  not	
  outstanding	
  	
  
overes%ma%on	
  of	
  the	
  bond	
  energies,	
  underes%ma%on	
  of	
  the	
  bond	
  lengths	
  
C.	
  S.	
  Wang,	
  B.	
  M.	
  Klein,	
  and	
  H.	
  Krakauer,	
  Phys.	
  Rev.	
  LeI.,	
  54,	
  1852	
  (1985).	
  	
  	
  

!xc " r( )#$ %&= !X " r( )#$ %&+!C " r( )#$ %&

The	
  exchange-­‐energy	
  density	
  of	
  a	
  HEG	
  is	
  known	
  analy&cally	
  	
  

Ex ! r( )"# $%= &
3
4
3
'

(

)
*

+

,
-
1/3

! r( ).
4/3
dr

Analy&c	
  expressions	
  for	
  the	
  correla&on	
  energy	
  of	
  the	
  HEG	
  are	
  not	
  known	
  	
  
à	
  several	
  LDA's	
  for	
  the	
  correla&on	
  func&onal	
  



Generalized	
  Gradient	
  Approxima<on	
  (GGA)	
  

Takes	
  into	
  account	
  the	
  density	
  ρ(r)	
  and	
  its	
  gradient	
  ∇ρ(r)	
  to	
  beIer	
  
describe	
  the	
  inhomogenei%es	
  of	
  the	
  real	
  density	
  

Exc ! r( )"# $%= ! r( )&xc ! r( );'! r( )"# $%dr(
Wrt	
  LDA,	
  gives	
  excellent	
  atomic	
  ground	
  state	
  energies,	
  improves	
  significantly	
  the	
  
dissocia%on	
  energies	
  and	
  bond	
  lengths,	
  reproduces	
  more	
  accurately	
  the	
  cohesive	
  
proper%es	
  of	
  many	
  solids,	
  corrects	
  the	
  vibra%onal	
  frequencies	
  of	
  molecules	
  built	
  from	
  
atoms	
  of	
  the	
  two	
  first	
  rows	
  of	
  the	
  Mendeleev	
  Table	
  …	
  

GGA	
  func<onals	
  

!xc " r( )#$ %&= !X " r( )#$ %&+!C " r( )#$ %&

εXC	
  =	
  exchange	
  energy	
  +	
  correla%on	
  energy	
  	
  	
  

!XC
BLYP = !X

B +!C
LYP

BLYP,	
  BP86,	
  PBE,	
  PW91…	
  

CLASSES	
  OF	
  XC	
  FUNCTIONALS	
  

Becke,	
  A.	
  D.	
  J.	
  Chem.	
  Phys.	
  1993,	
  98,	
  5648.	
  
Lee,	
  C.;	
  Yang,	
  W.;	
  Parr,	
  R.	
  G.	
  Phys.	
  Rev.	
  B	
  1988,	
  37,	
  785	
  	
  	
  



Hybrid	
  Func<onals	
  

Contain	
  a	
  given	
  percentage	
  of	
  exact	
  HF	
  exchange,	
  which	
  presents	
  the	
  correct	
  
-­‐1/r	
  asympto%c	
  behavior	
  	
  

The	
  most	
  popular	
  Hybrid	
  Func,onal:	
  B3LYP	
  

a,	
  b,	
  and	
  c	
  are	
  semi-­‐empirical	
  coefficients	
  fiqed	
  to	
  reproduce	
  experimental	
  
atomiza&on	
  and	
  ioniza&on	
  energies.	
  
a	
  =	
  0.20	
  ;	
  b	
  =	
  0.72	
  ;	
  c	
  =	
  0.81	
  

!XC
B3LYP = a!X

HF + 1" a( )!XLDA + b!XB + c!CLYP + 1" c( )!CLDA

!X
HYBRID = a!X

HF + 1" a( )!XGGA

CLASSES	
  OF	
  XC	
  FUNCTIONALS	
  

XC	
  func,onal	
   %	
  HF	
  exchange	
  (a)	
  

B3LYP	
   20%	
  

B3P86	
  	
   20%	
  

B3PW91	
  	
   20%	
  

PBE0	
  	
   25%	
  	
  

mPW1PW91	
  	
   25%	
  	
  

MPW1K	
  	
   42.8%	
  	
  

BHandHLYP	
   50%	
  



Long-­‐range	
  corrected	
  Hybrid	
  Func<onals	
  

LC-­‐BLYP:	
  the	
  electron	
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correlation functionals examined in this study. The
Becke 1988 exchange functional is used in all of the LC
and CAM functionals, and is mixed with the HF ex-
change according to Eq. (7). For the partner correlation
functionals, we use the OP correlation functional, the
Lee–Yang–Parr (LYP) [19], and the correlation func-
tional employed in B3LYP, which is 0.19 VWN5+0.81
LYP, where the VWN5 functional is the local correla-
tion functional of Vosko, Wilk and Nusair (VWN) [20]
parameterized with the data of Ceperley and Alder [21].
Note that this is different to the standard B3LYP im-
plemented in GAUSSIANAUSSIAN which uses VWN1 instead of
VWN5 [18], we refer to this functional as B3LYP(G).
The possible combinations of the exchange–correlation
functionals are termed CAM-BOP, CAM-BLYP, CAM-
B3LYP, LC-BOP, and LC-BLYP. For the parameter l,
the same value is used as in Tawada’s study [1],
l ¼ 0:33. The parameter a, which determines the con-
tribution of the HF exchange at the short-range region,
was chosen to be 0.2 for the three functionals, CAM-
BOP, CAM-BLYP, and CAM-B3LYP. We vary the
parameter b so that the HF exchange could contribute
to the long-range region with aþ b ¼ 0:6; 0:8; or 1:0 for
three functionals.

We compare the present functionals with four kinds
of the widely used, well-examined exchange–correlation
functionals, HCTH/93 [22], BLYP, B3LYP(G) (VWN1),
and B3LYP (VWN5). We used the INTEGRANTEGRA [23] as a
part of the UTCHEMTCHEM 2004 program package [24,25] to
carry out Kohn–Sham self-consistent field (KS-SCF)
calculations with the LC and CAM methods. The KS-
SCF calculations with the standard BLYP, HCTH,
B3LYP(G), and B3LYP were performed using
NWCHEMWCHEM program package version 4.5 [26].

4. Results

4.1. Atomization energies, ionization potentials, and
atomic energies

We calculated 53 atomization energies and 22 ioni-
zation potentials from the molecules of the G2 set
[27,28]. All calculations were performed with sufficiently
accurate correlation-consistent aug-cc-pVQZ Gaussian
basis sets. Tables 2 and 3 show the statistical data for
atomization energies and ionization potentials with
comparison to the experimental data, which are taken

Table 1
Summary of the exchange–correlation functionals

Name Exchange functional a aþ b Additional exchange Correlation functional

LC-BOP Becke88 0.0 1.0 OP
LC-BLYP Becke88 0.0 1.0 LYP
CAM-BOP Becke88 0.2 1.0 OP

0.8
0.6

CAM-BLYP Becke88 0.2 1.0 LYP
0.8
0.6

CAM-B3LYP Becke88 0.2 1.0 0.19 VWN5+0.81 LYP
0.8
0.6

B3LYP(G) Slater 0.2 0.2 0.72 DBecke88 0.19 VWN1(RPA)+ 0.81 LYP
B3LYP Slater 0.2 0.2 0.72 DBecke88 0.19 VWN5+0.81 LYP
BLYP Becke88 0.0 0.0 LYP
HCTH xHCTH 0.0 0.0 cHCTH
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Fig. 2. Schematic plots of the contributions to exchange from r#1
12 , apportioned into DFT and HF, for: (a) B3LYP, (b) LC, and (c) CAM.
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