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Summary	
  

•  The	
  Schrödinger	
  equa)on	
  
•  The	
  Hartree-­‐Fock-­‐Roothaan	
  method	
  
•  Semiempirical	
  methods	
  



THE	
  SCHRÖDINGER	
  EQUATION	
  



The	
  3me-­‐independent	
  Schrödinger	
  equa3on	
  allows	
  determining	
  the	
  
sta$onary	
  states	
  of	
  a	
  system	
  of	
  par3cles	
  (e.g.	
  a	
  molecule)	
  

THE	
  SCHRÖDINGER	
  EQUATION	
  

! 

ˆ H "n = En"n
Ψn	
  is	
  the	
  total	
  wavefunc3on	
  of	
  the	
  
system	
  (electrons	
  +	
  nuclei)	
  

Hamiltonian	
  operator	
  associated	
  to	
  the	
  total	
  energy	
  

Born-­‐Oppenheimer	
  Approxima3on	
  
Electronic	
  and	
  nuclei	
  mo/ons	
  are	
  uncoupled	
  

! 

"n =#elec $#nuc

! 

ˆ H nuc"nuc = Enuc"nuc

2	
  independent	
  equa3ons	
  :	
  

! 

ˆ H elec"elec = Eelec"elec

! 

ˆ H = ˆ H nuc + ˆ H elec + ˆ H nuc / elec

vibra3on-­‐rota3on	
  
spectrum	
  of	
  the	
  molecule	
  

Electronic	
  states	
  in	
  the	
  field	
  of	
  
fixed	
  nuclei	
  



Electronic	
  Schrödinger	
  equa3on	
  	
  

! 

ˆ H elec"elec = Eelec"elec

Energy	
  Eel(Q)	
  of	
  each	
  electronic	
  state	
  

Solu)on	
  for	
  different	
  values	
  of	
  the	
  
nuclear	
  coordinates	
  (Q)	
  	
  

The	
  operator	
  describing	
  the	
  electrons/nuclei	
  interac3ons	
  depends	
  on	
  Q	
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p
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V(Q)	
  
Poten3elle	
  energy	
  of	
  the	
  molecule	
  

The	
  3me-­‐independent	
  Schrödinger	
  equa3on	
  allows	
  determining	
  the	
  
sta$onary	
  states	
  of	
  a	
  system	
  of	
  par3cles	
  (e.g.	
  a	
  molecule)	
  

POTENTIAL	
  ENERGY	
  SURFACE	
  



1 single coord. Q 
Potential energy curve 

 
Ex : Internal rotation interne of n-

butane Q = dihedral angle 

2 coord. Q 
Potential energy surface 

Q1	
  
Q2	
  

V(Q)	
  

à  For	
  N	
  atoms,	
  V	
  depends	
  on	
  3N–6	
  coord.	
  Q	
  
The	
  PES	
  is	
  an	
  hypersurface	
  in	
  a	
  {3N–6}-­‐dimension	
  space	
  

V(Q)	
  

POTENTIAL	
  ENERGY	
  SURFACE	
  



coordonnée de réaction

réactifs

produits

état de transition

Simplified	
  representa3on	
  of	
  the	
  SEP	
  of	
  a	
  chemical	
  reac3on	
  

La courbe symbolise le chemin 
réactionnel 

de moindre énergie 

Déformation du système moléculaire 
(déplacements atomiques,  

rupture/formation de liaison…)  

Barrières 
d’activition 

cinétique 

Etats d’équilibre 
du système 

exothermicité 
thermodynamique 

Point selle de la SEP 

POTENTIAL	
  ENERGY	
  SURFACE	
  



Electronic	
  Hamiltonian	
  :	
  

! 

ˆ H elec"elec = Eelec"elec

! 

ˆ H elec = "
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Electronic	
  wavefunc3on	
  
Electronic	
  state	
  in	
  the	
  electrosta/c	
  field	
  of	
  fixed	
  nuclei	
  

! 

"elec(x1,y1,z1,...xN,yN,zN)

Aim	
  of	
  an	
  electronic	
  structure	
  calcula3on	
  
Solving	
  the	
  electronic	
  	
  Schrödinger	
  equa/on	
  for	
  a	
  given	
  geometry	
  of	
  the	
  
molecule	
  (i.e.	
  a	
  given	
  point	
  of	
  the	
  PES)	
  

Total	
  energy	
  of	
  the	
  molecule	
  

! 

V(Q) = Eelec(Q) + Enuc

THE	
  ELECTRONIC	
  SCHRÖDINGER	
  EQUATION	
  



THE	
  HARTREE-­‐FOCK	
  METHOD	
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Electronic	
  Hamiltonian	
  for	
  a	
  molecule	
  with	
  2N	
  electrons	
  and	
  P	
  nuclei	
  	
  

! =
1
(2N)!

"1(r1) "2 (r1) ... "2N (r1)
"1(r2 ) "2 (r2 ) ... "2N (r2 )
... ... ... ...

"1(r2N ) "2 (r2N ) ... "2N (r2N )

THE	
  HARTREE-­‐FOCK-­‐ROOTHAAN	
  METHOD	
  

Single	
  determinant	
  wavefunc3on	
  

!µ (rµ ) = "µ (rµ )# $µ (%µ )
Spin-­‐orbitals	
  

Spin	
  func)on	
  α	
  or	
  β	



Molecular	
  orbital	



HF:	
  search	
  for	
  the	
  best	
  varia$onal	
  wavefunc3on	
  

x	
  

y	
  

z	
  
θ	



ϕ	



O	
  

–e	
  

r	
  

r = r,!,"{ }
dr = dV = r2 sin!drd!d"



Varia3onal	
  principle	
  

E = !Ĥ!dr " Eexact#
1.	
  Introduc)on	
  of	
  varia)onal	
  parameters	
   !"! #1…#M( )

2.	
  Op)miza)on	
  of	
  the	
  parameters	
  

! E
!"i

= 0  # i

Linear	
  Combina3on	
  of	
  Atomic	
  Orbitals	
  (Roothaan)	
  

Basis	
  set	
  of	
  known	
  atomic	
  func)ons	



Expansion	
  coefficients	
  =	
  varia$onal	
  parameters	



!i r( ) = Cpi"p r( )
p=1

M

#

Minimiza$on	
  of	
  the	
  total	
  energy	
  

HF:	
  search	
  for	
  the	
  best	
  orbitals	
  

THE	
  HARTREE-­‐FOCK-­‐ROOTHAAN	
  METHOD	
  



Total	
  energy	
  

E = 2Ii
i=1

N

! + 2Jij "Kij( )
j=1

N

!
i=1

N

!

E = !Ĥ!dr"
! =

1
(2N)!

"1(r1) "2 (r1) ... "2N (r1)
"1(r2 ) "2 (r2 ) ... "2N (r2 )
... ... ... ...

"1(r2N ) "2 (r2N ) ... "2N (r2N )

Jij =
!i
*(rµ )!i (rµ )! j

*(r" )! j (r" )
rµ"

# drµdr"

Ii = !i
*(rµ )ĥ!i (rµ )" drµ

HF	
  integrals	



Kij =
!i
*(rµ )!i (r" )! j

*(r" )! j (rµ )
rµ"

# drµdr"

1-­‐electron	
  integrals	



Coulomb	
  integrals	



Exchange	
  integrals	



Sum	
  over	
  N	
  doubly	
  occupied	
  
molecular	
  orbitals	
  

THE	
  HARTREE-­‐FOCK-­‐ROOTHAAN	
  METHOD	
  



Roothaan	
  expansion	
  

Ii = !i
*(rµ )ĥ!i (rµ )" drµ = CpiCqihpq

q=1

M

#
p=1

M

#

M2	
  integrals	
  

Jij =
!i
*(rµ )!i (rµ )! j

*(r" )! j(r" )
rµ"

# drµdr" = CpiCqiCrjCsj pq( rs)
s=1

M

$
r=1

M

$
q=1

M

$
p=1

M

$

pq( rs) =
!p (rµ )!q (rµ )!r (r" )!s (r" )

rµ"
drµ dr"#

Integrals	
  in	
  the	
  AO	
  basis	
  

!i r( ) = Cpi"p r( )
p=1

M

#

hpq = !p (rµ )ĥ!q (rµ )" drµ

M4	
  integrals	
  

pq rs( ) = qp rs( ) = pq sr( ) = qp sr( ) = rs pq( ) = sr pq( ) = rs qp( ) = sr qp( )

THE	
  HARTREE-­‐FOCK-­‐ROOTHAAN	
  METHOD	
  



Energy	
  minimiza3on	
  

E = 2Ii
i=1

N

! + 2Jij "Kij( )
j=1

N

!
i=1

N

! F̂(r)!i (r) = "i!i (r)
Minimisa/on	
  	
  

N	
  Fock	
  equa$ons	
  

F̂(rµ ) = ĥ(rµ )+ 2Ĵi (rµ )! K̂i (rµ )"
#

$
%

i=1

N

&

Ĵ i (rµ )! j (rµ ) =
!i
*(r" )!i (r" )
rµ"

# dV"

$

%
&&

'

(
))! j(rµ )

Fock	
  operator	



K̂i (rµ )! j (rµ ) =
!i
*(r" )! j (r" )
rµ"

# dV"

$

%
&&

'

(
))!i (rµ )

Coulomb	
  operator	



Exchange	
  operator	



1-­‐electron	
  Fock	
  operator	
  

The	
  Fock	
  operator	
  depends	
  on	
  its	
  own	
  solu$ons	
  φ(r)	



Itera$ve	
  process	
  un$l	
  self-­‐consistence	



Describes	
  electron	
  µ	
  in	
  the	
  
mean	
  electrosta/c	
  field	
  of	
  
the	
  other	
  electrons	
  

THE	
  HARTREE-­‐FOCK-­‐ROOTHAAN	
  METHOD	
  



Matrix	
  form	
  of	
  the	
  Fock	
  equa3ons	
  

F̂(r)!i (r) = "i!i (r)

with	
  

Fock	
  matrix	
  F	



! 

FC = "SC

Fpq = !p
*" (r# )F̂(r# )!q (r# )dr# = hpq + Drs pq rs( )$ ps rq( )%& '(

s
)

r
)

Spq = !p
*" (r# )!q (r# )dr#

Overlap	
  matrix	
  S	



Dimension	
  M	
  x	
  M	



Elements	



Dimension	
  M	
  x	
  M	



Elements	



!i r( ) = Cpi"p r( )
p=1

M

#

Dpq = niCpiCqi
i
!

First-­‐order	
  density	
  matrix	
  D	



Dimension	
  M	
  x	
  M	



Elements	



Method	
  of	
  Linear	
  Varia$ons	
  

W.	
  Ritz,	
  J.	
  Reine	
  Angew.	
  Math.	
  135,	
  1	
  (1909).	
  
See	
  A.	
  Szabo	
  and	
  N.	
  S.	
  Ostlund,	
  Modern	
  Quantum	
  Chemistry:	
  Introduc/on	
  to	
  
Advanced	
  Electronic	
  Structure	
  Theory,	
  McGraw-­‐Hill,	
  New	
  York,	
  1989.	
  

THE	
  HARTREE-­‐FOCK-­‐ROOTHAAN	
  METHOD	
  



General	
  solu3on	
  of	
  the	
  HF	
  matrix	
  equa3ons	
  for	
  non	
  orthogonal	
  basis	
  sets	
  

By	
  mul/plying	
  by	
  S–1/2	
  on	
  each	
  side	



FC = SC!

!F

F!S"1/2 !S1/2 !C = S1/2 !S1/2C#

C = S!1/2 "C

S!1/2 "F"S!1/2! "## $## "S1/2 "C!"$ = S1/2C!#

!F !C !C

One	
  seeks	
  to	
  obtain	
  an	
  eigenvalue	
  equa3on	
  of	
  the	
  form	
  

Löwdin	
  orthogonaliza3on	
  
P.	
  O.	
  Löwdin	
  J.	
  Chem.	
  Phys.	
  1950,	
  18,	
  365	
  

!! "F "C = "C #
!C =	
  eigenvectors	
  of	
  	
  

!F !C = !C "

THE	
  HARTREE-­‐FOCK-­‐ROOTHAAN	
  METHOD	
  



M	
  basis	
  func$ons	
  
⇒	
  	
  M	
  MOs	
  	
  

ε	
  	
  
MO	
  

energy	
  

Koopmans	
  theorem:	
  IP	
  ≈	
  –	
  ε	
  

Solu3on	
  of	
  the	
  HF	
  equa3ons	
  

HOMO	
  

LUMO	
  

Virtual	
  MOs	
  

Occupied	
  MOs	
  

THE	
  HARTREE-­‐FOCK-­‐ROOTHAAN	
  METHOD	
  



!(r) = ni" i
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Total	
  electron	
  density	
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Mulliken	
  AO	
  popula3ons	
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#
p=1
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q$p
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#
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(

)
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p=1

M

# = Qp( )
p=1

M

#

with	
  

Qp = Dpp + DpqSpq
q!p

M

" Electron	
  popula$on	
  in	
  χp	
  

nA = Qp
p!A
"

Mulliken	
  atomic	
  charges	
  

!A = ZA " nA Net	
  charge	
  on	
  atom	
  A	
  

ELECTRON	
  DENSITY	
  AND	
  RELATED	
  PROPERTIES	
  



!
µ = !

!̂
µ!" dr = !

!̂
µelec +

!̂
µnuc( )!" dr

Dipole	
  moment	
  

!̂
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" !!!!!!!!!!!!! !̂µnuc = eZA

!
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!
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µelec = !2e CpiCqi "p (r)# r "q (r)dr

q=1
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p=1
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ELECTRON	
  DENSITY	
  AND	
  RELATED	
  PROPERTIES	
  

Dipole	
  integrals	
  

!
µnuc = !

i

*(r)" eZA

!
RA

A
# !

i

*(r)dr = eZA

!
RA

A
#  



Rigorously,	
  the	
  number	
  of	
  the	
  basis	
  func/ons	
  should	
  
be	
  infinite.	
  In	
  this	
  case,	
  the	
  wavefunc/on	
  corresponds	
  
to	
  the	
  lowest	
  possible	
  energy.	
  	
  

In	
  prac3ce,	
  one	
  uses	
  finite-­‐size	
  basis	
  sets.	
  The	
  quality	
  of	
  the	
  results	
  
depends	
  on	
  the	
  size	
  and	
  on	
  the	
  nature	
  of	
  the	
  basis	
  set.	
  	
  

ATOMIC	
  BASIS	
  SETS	
  

Roothaan	
  expansion	
  

!i r( ) = Cpi"p r( )
p=1

M

#

This	
  asympto)c	
  limit	
  is	
  referred	
  to	
  as	
  the	
  Hartree-­‐Fock	
  limit.	
  



VARIOUS	
  TYPES	
  OF	
  BASIS	
  SETS	
  

!",n,l,m
STO r,#,$( ) =NYl,m #,$( )rn%1e%"r

Slater-­‐type	
  orbitals	
  (STO)	
  	
  

✓ STO	
  are	
  accurate	
  because	
  they	
  are	
  derived	
  from	
  the	
  exact	
  solu$ons	
  of	
  the	
  
Schrödinger	
  equa$on	
  for	
  hydrogen-­‐like	
  systems	
  
✗ STO	
  are	
  not	
  efficient	
  for	
  evalua$ng	
  the	
  3-­‐	
  and	
  4-­‐center	
  integrals	
  

!",n,l,m
GTO r,#,$( ) =NYl,m #,$( )r2n%2%le%"r

2

✗ GTO	
  are	
  less	
  accurate	
  than	
  STO.	
  Several	
  GTO	
  are	
  used	
  to	
  describe	
  one	
  AO	
  (split-­‐
valence	
  basis	
  sets).	
  	
  
✓ The	
  use	
  of	
  GTO	
  ensures	
  analy$cal	
  solu$ons	
  for	
  all	
  integrals	
  of	
  the	
  HF	
  method	
  	
  

!i r( ) = Cpi "p r( )!
p=1

M

#

Gaussian-­‐type	
  orbitals	
  (GTO)	
  	
  

Atomic	
  basis	
  func$ons	
  



The	
  HF	
  model	
  allows	
  to	
  describe	
  the	
  stability	
  of	
  the	
  covalent	
  bond.	
  	
  
However,	
  it	
  is	
  not	
  able	
  to	
  describe	
  its	
  breacking	
  or	
  forma$on.	
  

LIMIT	
  OF	
  THE	
  HF	
  MODEL	
  



The	
  HF	
  wavefunc)on	
  does	
  not	
  include	
  electron	
  correla$on.	
  	
  
	
  
Each	
  electron	
  of	
  the	
  molecules	
  feels	
  an	
  average	
  electron	
  density,	
  independent	
  of	
  
its	
  posi)on.	
  	
  
	
  
This	
  lack	
  of	
  electron	
  correla)on	
  is	
  a	
  consequence	
  of	
  wrikng	
  the	
  wavefunc)on	
  as	
  a	
  
single	
  Slater	
  determinant,	
  in	
  which	
  electrons	
  are	
  affected	
  to	
  orbitals	
  without	
  
possibility	
  of	
  moving	
  from	
  one	
  MO	
  to	
  another.	
  	
  
	
  
This	
  lack	
  of	
  flexibility	
  is	
  at	
  the	
  origin	
  of	
  the	
  failure	
  of	
  HF	
  for	
  describing	
  fine	
  
electronic	
  effects.	
  	
  	
  
	
  
Correlated	
  models	
  exist	
  to	
  overcome	
  this	
  drawback:	
  
	
  

	
  Mul$-­‐configura$onal	
  wavefunc$ons	
  (IC,	
  MC-­‐SCF)	
  
	
  Perturba$ve	
  models	
  (MP2...)	
  
	
  Density	
  Func$onal	
  Theory	
  (DFT)	
  
	
  …	
  

ELECTRON	
  CORRELATION	
  



PRACTICAL	
  LIMITATION	
  OF	
  AB	
  INITIO	
  IMPLEMENTATIONS	
  

Ii = !i
*(rµ )ĥ!i (rµ )" drµ = CpiCqihpq

q=1

M

#
p=1

M

#

M2	
  integrals	
  

Jij =
!i
*(rµ )!i (rµ )! j

*(r" )! j(r" )
rµ"

# drµdr" = CpiCqiCrjCsj pq( rs)
s=1

M

$
r=1

M

$
q=1

M

$
p=1

M

$

pq( rs) =
!p (rµ )!q (rµ )!r (r" )!s (r" )

rµ"
drµ dr"#

hpq = !p (rµ )ĥ!q (rµ )" drµ

M4	
  integrals	
  

A	
  HF	
  calcula$on	
  on	
  the	
  benzene	
  molecule	
  using	
  a	
  double-­‐zeta	
  basis	
  set	
  
requires	
  calcula$ng	
  M4	
  =	
  18,974,736	
  (pq|rs)	
  integrals	
  	
  	
  	
  	
  

Inventory	
  of	
  the	
  integrals	
  to	
  be	
  computed	
  

For	
  quan/ta/ve	
  results,	
  it	
  is	
  oVen	
  necessary	
  to	
  use	
  quantum	
  chemical	
  methods	
  
including	
  electron	
  correla/on,	
  which	
  leads	
  to	
  complex	
  calcula/ons.	
  	
  

Even	
  the	
  HF	
  method	
  has	
  a	
  significant	
  computa3onal	
  cost	
  :	
  



SEMIEMPIRICAL	
  MODELS	
  



SEMI-­‐EMPIRICAL	
  MODELS:	
  BASIC	
  PRINCIPLES	
  

Approxima3ons	
  on	
  the	
  integrals	
  
a	
  priori	
  weak	
  integrals	
  are	
  neglected	
  in	
  the	
  HF	
  equa)ons	
  

Empirical	
  correc3ons	
  
The	
  integrals	
  considered	
  in	
  the	
  calcula)ons	
  are	
  parameterized	
  to	
  reproduce	
  either	
  
experimental	
  results	
  or	
  results	
  obtained	
  using	
  more	
  sophis)cated	
  ab	
  ini/o	
  methods	
  
	
  
Several	
  families	
  of	
  methods	
  
We	
  can	
  dis/nguish	
  methods	
  that	
  are:	
  
•  Restricted	
  to	
  all	
  valence	
  electrons	
  

-­‐	
  Extended	
  Hückel	
  method,	
  proposed	
  by	
  R.	
  Hoffman	
  	
  
-­‐	
  CNDO,	
  INDO,	
  NDDO,	
  first	
  introduced	
  by	
  J.	
  Pople	
  
For	
  an	
  historical	
  overview,	
  see:	
  Pople	
  and	
  Beveridge,	
  Approximate	
  molecular	
  orbital	
  theory,	
  McGraw	
  Hill,	
  
New	
  York	
  (1970)	
  
-­‐	
  INDO/S	
  (ZINDO)	
  dedicated	
  to	
  the	
  simula)on	
  of	
  electronic	
  spectra	
  

•  Restricted	
  to	
  π	
  electrons	
  
-­‐	
  Pariser-­‐Parr-­‐Pople	
  (PPP)	
  …	
  Hubbard	
  for	
  physicists	
  
-­‐	
  Hückel	
  …	
  Tight-­‐Binding	
  for	
  physicists	
  
	
  

Parameteriza3on	
  
All	
  these	
  methods	
  include	
  empirical	
  parameters	
  that	
  have	
  to	
  be	
  properly	
  adjusted	
  



GENERAL	
  PHILOSOPHY	
  OF	
  NDDO	
  PARAMETERIZATION	
  

M.	
  Dewar	
  (1918-­‐1997)	
  
Experimental	
  data	
  from	
  a	
  small	
  group	
  of	
  representa3ve	
  
molecules	
  (molecular	
  basis	
  set	
  for	
  parameteriza/on,	
  MBSP)	
  
is	
  used	
  to	
  derive	
  the	
  parameters	
  values	
  
	
  
The	
  items	
  of	
  data	
  used	
  are	
  heats	
  of	
  forma3on,	
  ioniza3on	
  
poten3al,	
  dipole	
  moments,	
  molecular	
  geometries,	
  heats	
  of	
  
reac3on,	
  rota3onal	
  and	
  inversion	
  barriers	
  (all	
  gas	
  phase)	
  
	
  
Extensive	
  experience	
  has	
  shown	
  that	
  the	
  set	
  of	
  parameters	
  
values	
  is	
  extendible	
  beyond	
  the	
  limit	
  of	
  those	
  molecules	
  in	
  
the	
  MBSP	
  

The	
  different	
  parameteriza$ons	
  depend	
  on:	
  
-­‐  The	
  parameteriza)on	
  algorithm	
  
-­‐  The	
  molecules	
  selected	
  in	
  the	
  MBSP	
  
-­‐  The	
  targeted	
  physico-­‐chemical	
  proper)es	
  	
  



M.	
  J.	
  S.	
  Dewar	
  and	
  W.	
  Thiel,	
  Journal	
  of the	
  American	
  Chemical	
  Society,	
  1977,	
  99,	
  4907.	
  

Parameteriza/on	
  algorithms	
  op/mize	
  the	
  parameters	
  in	
  such	
  a	
  way	
  that	
  the	
  
sta/s/cal	
  error	
  with	
  respect	
  to	
  reference	
  experimental	
  data	
  is	
  minimized	
  	
  

MOLECULAR	
  BASIS	
  SET	
  FOR	
  PARAMETERIZATION	
  



FC = !SC  "  FC = !IC! 

Spq = "p(#)"q (#)dV#$

VALENCE-­‐ELECTRON	
  SEMI-­‐EMPIRICAL	
  MODELS	
  

ZDO	
  (Zero	
  Differen3al	
  Overlap)	
  approxima3on	
  

are	
  neglected	
  when	
  solving	
  the	
  Fock	
  equa/ons	
  

!i = Cpi "p
p
#

MOs	
  expansion	
  
The	
  MOs	
  are	
  linear	
  combina/on	
  of	
  valence	
  AOs	
  
AOs	
  are	
  described	
  using	
  a	
  minimal	
  basis	
  set	
  of	
  Slater	
  func$ons	
  

Common	
  features	
  of	
  valence-­‐electron	
  semiempirical	
  methods	
  

The	
  core	
  electrons	
  are	
  considered	
  to	
  be	
  a	
  part	
  of	
  the	
  nuclei	
  	
  

The	
  overlap	
  integrals	
  



VALENCE-­‐ELECTRON	
  SEMI-­‐EMPIRICAL	
  MODELS	
  

NDDO	
  (Neglect	
  of	
  Diatomic	
  Differen3al	
  Overlap)	
  

•  Most	
  of	
  2-­‐electron	
  are	
  neglected	
  

The	
  most	
  recent	
  and	
  complete	
  level	
  of	
  semiempirical	
  approxima$on	
  	
  

one-center integrals pAqA( rAsA )
two-center integrals pAqA( rBsB)
three- and four-center integrals are neglected 

Different	
  methods	
  have	
  been	
  developped	
  on	
  the	
  basis	
  of	
  the	
  NDDO	
  
approxima$on	
  by	
  using	
  more	
  and	
  more	
  precise	
  parameteriza$ons	
  

MNDO	
  (Dewar	
  1977),	
  AM1	
  (Dewar	
  1985),	
  PM3	
  (Stewart	
  1989),	
  PM6	
  (Stewart	
  2007)	
  
PM7	
  (Stewart,	
  under	
  development)…	
  and	
  many	
  others!	
  

•  1-­‐	
  and	
  2-­‐electron	
  integrals	
  are	
  parameterized	
  

hpq = !p (")ĥ(")!q (")dr"# = (p | q)

pq( rs) =
!p (rµ )!q (rµ )!r (r" )!s (r" )

rµ"
drµ dr"#



SEMI-­‐EMPIRICAL	
  PARAMETERS	
  

MNDO	
  and	
  AM1	
  differ	
  only	
  in	
  the	
  way	
  the	
  core-­‐core	
  repulsion	
  is	
  treated,	
  and	
  how	
  
the	
  parameters	
  are	
  assigned	
  	
  	
  

VAB = ZA
* ZB

* (sAsA | sBsB)(1+ e!"ARAB+ e!"BRAB )

VAB = ZA
* ZB

* (sAsA | sBsB) 1+ exp(!"ARAB)+ exp(!"BRAB)( )

      +ZA
* ZB

* (sAsA | sBsB) KAi
i
# exp LAi (RAB !MBi( )

2
+ KBj

j
# exp LBj(RAB !MBj( )

2$

%
&&

'

(
))

MNDO	
  	
  

if B=H: VAH = ZA
* ZH (sAsA | sHsH )(1+ e!"ARAH

RAH

+ e!"HRAH )

AM1	
  

Overs)ma)on	
  of	
  the	
  repulsion	
  between	
  nuclei	
  at	
  large	
  distances	
  
à	
  Weak	
  interac$ons	
  are	
  unreliale	
  (e.g.	
  it	
  does	
  not	
  predict	
  hydrogen	
  bonds)	
  

Use	
  of	
  “a>rac)ve”	
  Gaussian	
  func)ons	
  at	
  large	
  distance	
  
à  AM1	
  predicts	
  hydrogen	
  bonds	
  with	
  correct	
  strengths	
  	
  
(however	
  the	
  geometry	
  can	
  be	
  wrong)	
  

PM3:	
  Complete	
  reparameteriza/on	
  of	
  AM1	
  using	
  an	
  automa/c	
  process	
  and	
  a	
  significantly	
  
larger	
  MBSP	
  
PM6:	
  further	
  modifica/ons	
  in	
  core-­‐core	
  repulsion	
  terms,	
  and	
  extension	
  to	
  transi/on	
  metals	
  
(see	
  J.	
  Mol.	
  Model.	
  2007,	
  1173.)	
  	
  



A	
  REPRESENTATIVE	
  EXAMPLE:	
  THE	
  N-­‐ACETYL	
  PROLINE	
  AMIDE	
  

HF/6-­‐31G(d,p)	
  
H	
  bond	
  =	
  2.09	
  Å	
  
Five	
  membered	
  proline	
  ring	
  in	
  the	
  envelope	
  form,	
  with	
  atoms	
  
C-­‐N-­‐C-­‐C	
  approximately	
  in	
  one	
  plane	
  and	
  the β carbon	
  atom	
  out	
  
of	
  this	
  plane	
  (N-­‐C-­‐C-­‐Cβ =	
  29°)	
  
Planar	
  amide	
  group	
  

β	



AM1	
  
H	
  bond	
  =	
  2.14	
  Å	
  
N-­‐C-­‐C-­‐Cβ =	
  1°	
  
Planar	
  amide	
  group	
  

MNDO	
  
No	
  H	
  bond	
  	
  
N-­‐C-­‐C-­‐Cβ =	
  -­‐1°	


Non-­‐planar	
  amide	
  group	
  

PM3	
  
H	
  bond	
  =	
  2.59	
  Å	
  
N-­‐C-­‐C-­‐Cβ =	
  0°	


Non-­‐planar	
  amide	
  group	
  

PM6	
  
H	
  bond	
  =	
  2.01	
  Å	
  
N-­‐C-­‐C-­‐Cβ =	
  11°	


Planar	
  amide	
  group	
  

✗


✗


✗	
  

✓


✗


✓



✓✗


✗


✗	
  

✓


✓


✓





SEMIEMPIRICAL	
  NDDO	
  CALCULATION	
  OF	
  HEATS	
  OF	
  FORMATION	
  

The	
  Heats	
  of	
  Forma/on	
  resul/ng	
  from	
  semiempirical	
  calcula/ons	
  are	
  
calculated	
  using	
  empirical	
  atomic	
  Heats	
  of	
  Atomiza/on	
  

1)	
  The	
  total	
  AM1	
  energy	
  of	
  the	
  system	
  is	
  first	
  calculated.	
  The	
  atomiza3on	
  
energy	
  is	
  then	
  computed	
  by	
  subtrac)ng	
  the	
  total	
  energies	
  of	
  the	
  atoms	
  (as	
  
predicted	
  by	
  the	
  model	
  being	
  used)	
  in	
  their	
  stoichiometric	
  ra)os.	
  	
  	
  

!EAM1
atom = ETOT

AM1(NH3)
total AM1 energy
! "# $#

"3ETOT
AM1(H)"ETOT

AM1(N)
empirical parameters depending

on the parametrization

! "### $###

N+3H! NH3

2)	
  The	
  Heat	
  of	
  Forma)on	
  ΔHf	
  of	
  the	
  system	
  is	
  then	
  calculated	
  using	
  the	
  
enthalpies	
  of	
  atomiza3on	
  of	
  the	
  atoms	
  and	
  the	
  atomiza)on	
  energy.	
  	
  

!H298K
atom = 3"!H298

atom (H)+!H298
atom (N)

experimental  parameters 
not dependent on the parametrization

! "#### $#### !Hf = !EAM1
atom +!H298

atom

Example	
  :	
  	
  

Then	
  :	
  

(EAM1(H)	
  =	
  –11.396	
  eV	
  !!)	
  



! 

nA = Qp =
p"A
# ni Cpi( )

2

i
#

p"A
#

! 

"A = ZA # nA

Average	
  number	
  of	
  electrons	
  around	
  atom	
  A	
  within	
  the	
  molecule:	
  

LCAO	
  coefficient	
  Occupa)on	
  number	
  of	
  
MO	
  φi	
  (ni	
  =	
  0,	
  1	
  or	
  2)	
  

Number	
  of	
  valence	
  electrons	
  
	
  in	
  atom	
  A	
  isolated	
  	
  

Mulliken	
  AO	
  popula3ons	
  

! 

Qp = ni Cpi( )
2

i
"

Net	
  atomic	
  charges	
  

ELECTRON	
  DENSITY	
  WITHIN	
  THE	
  NDDO	
  APPROXIMATION	
  



Dipole	
  moment	
  

ELECTRON	
  DENSITY	
  WITHIN	
  THE	
  NDDO	
  APPROXIMATION	
  

!
µ0 = !0

!̂
µ !0

Rearranging	
  the	
  above	
  expressions	
  for	
  a	
  closed-­‐shell	
  system:	
  	
  

!
µ = 2 !i "er !i

i

occ

# + eZARA
A

nuclei

#

Developing	
  the	
  MOs	
  over	
  the	
  AOs:	
  	
  

!
µ = !e Dpq "p r "q

p,q

occ

# + e ZARA
A

nuclei

#

Dipole	
  integrals	
  in	
  the	
  NDDO	
  approxima)on	
  	
  

!p
A r !p

A =RA

!
µ = e qARA

A

nuclei

! " 2e Dpq #p
A r #q

A

p<q

p,q$A

!
A

nuclei

!

!̂
µ = ! e ri

i

electrons

" + ZA e RA
A

nuclei

"

!p
A r !q

B = 0

!p
A !r !q

A =
2n +1
3

" 2#p " 2#q "
4#p#q( )

n

#p +#q( )
2n+2

with	
  Dpq	
  the	
  elements	
  of	
  the	
  first	
  order	
  density	
  matrix	
  in	
  the	
  AOs	
  basis.	
  	
  

The	
  two-­‐center	
  dipole	
  integrals	
  are	
  ignored.	
  Only	
  the	
  integrals	
  in	
  
which	
  p	
  and	
  q	
  are	
  centered	
  on	
  the	
  same	
  atom	
  are	
  non	
  zero	
  	
  	
  

Dipole	
  moment	
  expression	
  

with	
  qA	
  the	
  net	
  charge	
  of	
  atom	
  A	
  

point	
  charge	
  
contribu$on	
  

hybrid	
  
contribu$on	
  

where	
  n,	
  αp	
  and	
  αq	
  are	
  the	
  quantum	
  
number	
  and	
  the	
  Slater	
  exponents	
  of	
  the	
  
AOs	
  χp	
  and	
  χq	
  	
  



!i = Cpi "p
p
# O	
  :	
  1s2	
  2s2	
  2p4	
  :	
  4	
  AOs,	
  6	
  valence	
  electrons	
  	
  

H	
  :	
  1s1	
  	
  :	
  1	
  AO,	
  1	
  valence	
  electron	
  	
  

EXAMPLE	
  OF	
  NDDO	
  CALCULATIONS:	
  THE	
  WATER	
  MOLECULE	
  	
  

RHF  EIGENVECTORS AND EIGENVALUES!
!
ROOT NO.         1       2       3       4       5       6!
             -36.425 -18.199 -14.954 -12.464   4.419   6.191!
               1 A1    1 B2    2 A1    1 B1    3 A1    2 B2  !
  s O     1   .8955   .0000   .3599   .0000  -.2620   .0000!
 Px O     1   .0950  -.6049  -.4965   .0000  -.3573  -.5009!
 Py O     1   .1205   .4768  -.6299   .0000  -.4534   .3948!
 Pz O     1   .0000   .0000   .0000  1.0000   .0000   .0000!
  s H     2   .2955  -.4510  -.3371   .0000   .5469   .5446!
  s H     3   .2955   .4510  -.3371   .0000   .5469  -.5446!

O 
H H 

C2 axis (x) 

Plane	
  1	
  

Plane	
  2	
  

AM1	
  



EXAMPLE	
  OF	
  NDDO	
  CALCULATIONS:	
  THE	
  WATER	
  MOLECULE	
  	
  

         NET ATOMIC CHARGES AND DIPOLE CONTRIBUTIONS!
         ATOM NO.   TYPE          CHARGE        ATOM ELECTRON DENSITY!
       1 O           -0.3826          6.3826!
       2 H            0.1913          0.8087!
       3 H            0.1913          0.8087!
!
 DIPOLE (DEBYE)   X         Y         Z       TOTAL!
 POINT-CHG.     0.677     0.859     0.000     1.094!
 HYBRID         0.475     0.602     0.000     0.767!
 SUM            1.152     1.461     0.000     1.861!
!

!A nA

MNDO	
  

AM1	
  

Experimental	
  dipole	
  value:	
  1.847	
  D	
  (J.	
  Chem.	
  Phys.	
  1973,	
  59,	
  2254)	
  	
  

         NET ATOMIC CHARGES AND DIPOLE CONTRIBUTIONS!
         ATOM NO.   TYPE          CHARGE        ATOM ELECTRON DENSITY!
       1 O           -0.3255          6.3255!
       2 H            0.1628          0.8372!
       3 H            0.1628          0.8372!
!
 DIPOLE (DEBYE)   X         Y         Z       TOTAL!
 POINT-CHG.     0.524     0.706     0.000     0.879!
 HYBRID         0.539     0.725     0.000     0.904!
 SUM            1.063     1.431     0.000     1.783!



HOW	
  ACCURATE	
  IS	
  A	
  SEMIEMPIRICAL	
  CALCULATION?	
  

Reported	
  average	
  errors	
  (From	
  Introduc/on	
  to	
  Computa/onal	
  Chemistry	
  -­‐	
  Frank	
  Jensen)	
  

Angles	
  (degrees)	
  
MNDO	
   	
  4.3	
  
AM1 	
   	
  3.3	
  
PM3 	
   	
  3.9	
  
	
  
Ioniza3on	
  poten3als	
  (eV)	
  
MNDO	
   	
  0.78	
  
AM1 	
   	
  0.61	
  
PM3 	
   	
  0.57	
  
	
  
Dipole	
  moments	
  (D)	
  
MNDO	
   	
  0.45	
  
AM1 	
   	
  0.35	
  
PM3 	
   	
  0.38	
  

Overall	
  performance	
  of	
  MNDO,	
  AM1	
  and	
  PM3	
  

Cau$on!	
  Considering	
  average	
  errors	
  can	
  be	
  misleading.	
  	
  
For	
  specific	
  (classes	
  of)	
  compounds	
  the	
  ordering	
  may	
  be	
  different.	
  	
  
A	
  semiempirical	
  method	
  should	
  always	
  be	
  validated	
  before	
  use.	
  	
  	
  

AM1	
  contains	
  more	
  adjustable	
  parameters	
  than	
  MNDO	
  
All	
  parameters	
  are	
  fully	
  op)mized	
  in	
  PM3	
  
à Errors	
  decrease	
  in	
  the	
  order	
  MNDO	
  >	
  AM1	
  >	
  PM3	
  



SOME	
  GENERAL	
  CONCLUSIONS	
  ON	
  SEMIEMPIRICAL	
  METHODS	
  

Semiempirical	
  methods	
  can	
  provide	
  results	
  accurate	
  enough	
  to	
  be	
  useful,	
  par)cularly	
  
for	
  organic	
  molecules	
  with	
  computa)on	
  requirements	
  low	
  enough	
  to	
  make	
  them	
  
convenient	
  on	
  personal	
  computers.	
  
	
  
These	
  methods	
  are	
  generally	
  good	
  for	
  predic)ng	
  molecular	
  geometry	
  and	
  energe)cs.	
  
	
  
Semiempirical	
  methods	
  can	
  be	
  used	
  for	
  predic)ng	
  vibra)onal	
  modes	
  and	
  transi)on	
  
structures,	
  but	
  do	
  so	
  less	
  reliably	
  than	
  ab	
  ini)o	
  methods.	
  
	
  
Semiempirical	
  calcula)ons	
  generally	
  give	
  poor	
  results	
  for	
  van	
  der	
  Waals,	
  dispersion	
  
intermolecular	
  forces	
  and	
  polarisabili)es,	
  due	
  to	
  the	
  lack	
  of	
  diffuse	
  basis	
  func)ons.	
  
	
  
Semiempirical	
  calcula)ons	
  generally	
  give	
  poor	
  results	
  for	
  metal-­‐containing	
  
compounds.	
  
	
  
	
  
Computa)onal	
  Chemistry:	
  A	
  Prac)cal	
  Guide	
  for	
  Applying	
  Techniques	
  to	
  Real-­‐World	
  Problems.	
  
David	
  C.	
  Young,	
  2001,	
  John	
  Wiley	
  &	
  Sons,	
  Inc.	
  


